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Abstract—A new method has been developed for calculating heat transfer in the constant property turbu-
lent boundary layer with arbitrary distributions of wall temperature and stream velocity. The procedure
is as follows.

The development of the boundary layer is calculated by one or another of the methods currently available
and from the calculated values of H and 6 velocity profiles are specified by the use of a suitable two-
parameter family. With the velocity distribution in the boundary layer completely determined, shear stress
profiles are obtained by applying the equation of motion, and from the profiles of shear stress and mean
velocity corresponding profiles of effective viscosity readily follow.

With some plausible assumption for turbulent Prandtl number the heat-transfer equation can then be
solved directly by a digital computer to obtain temperature profiles and the heat transfer at the wall.

The method has been applied in zero and adverse pressure gradients with a step in wall temperature
following an initial unheated entry length. Temperature profiles are well behaved and show a region of near
similarity in the wall region as observed experimentally elsewhere. It is noticeable that in the adverse pres-
sure gradient heat transfer falls off very much less rapidly than skin friction as separation is approached.

NOMENCLATURE o1, thermal boundary-layer thick-
Ay, A, ..., matrix coefficients; ness; ]
c unheated entry length; o%, displacement thickness
C, specific heat at constant pressure ; v
G, constant in matrix; _ I <1 _ 1) dy ;
k, molecular conductivity; U ’
k,, eddy conductivity; 0
9 heat-transfer rate; Os, boundary-layer thickness used
P density; by Sarnecki [13];
T temperature; 6, momentum thickness
T,, undisturbed free-stream tem-
perature; ;
T., local wall temperature; = Ji (1 — 1) dy ;
T, shear stress; s U Y
Toos local wall shear stress;
U, local velocity outside boundary v, kinematic viscosity;
layer; Vyy eddy viscosity;
U, undisturbed free stream velocity ; a, thermal molecular diffusivity
X, ¥, rectangular coordinates along (= k/pC,).
and normal to surface;
u, v, components of velocity in x- and Dimensionless quantities
y-directions; s local skin friction coefficient
d, velocity boundary-layer thick- (= 1,/30U?%);
ness; H, shape factor (= 6*/0);
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H;_ s shape factor suggested by Head
[= (5 — 5%)/6);
Pr, laminar Prandtl number
( = pva//k) 5
Pr,, turbulent Prandtl number
(= pCyy.ik,);
R.. length Reynolds number
(= Ux/v);
Ry, momentum thickness Reynolds
number (= UB/v);
R, Reynolds number at start of
heating (= Uc/v);
R, Reynolds number used by Hatton
[3]
[V
v
0
St. Stanton number
[= k(aT//ay)w/pCpU(Tw - Too)]’
U, friction velocity [= /(7,/p)];
x™, dimensionless distance along the
wall
R
[ [ (c,/2 aR];
y, dimensionless distance normal to
wall (= U_y/v);
Z, pressure gradient parameter used
by Hatton [3] [ = (1/U)dU/dR];
ts, reference temperature for wall
law [= k(0T /0y),/pC,U.];
1, dimensionless temperature
[= (T, - T)u];
P, term in general stability criterion
(= a/U).

1. INTRODUCTION

TRADITIONALLY the subject of heat transfer from
a solid surface to a fluid flowing over it is based
on the correlation of experimental data by the
use of suitable non-dimensional groups. This
approach has been necessitated by the com-
plexity of the phenomena involved and the
general intractability of the problem particularly
where internal flows are involved. By contrast
the problems facing the aerodynamicist (at
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least until the advent of high-speed aircraft and
missiles) have been relatively tractable and con-
siderable progress has been made with the prob-
lem of calculating turbulent boundary-layer
development for arbitrary distributions of ex-
ternal pressure and {more recently) of suction or
blowing through the surface. The present paper
is an attempt to make use of the advances that
have been made along these lines to calculate
heat transfer and the development of the tem-
perature boundary layer, coupling the tempera-
ture and velocity fields by assumptions as to
laminar and turbulent Prandtl numbers. This
approach is not altogether new and follows on
work which was initiated by Spalding [1] and
carried on by Hatton [2, 3] and Patankar and
Spalding {4].

The approach adopted here is the following:
if the development of the turbulent boundary
layer can be calculated with reasonable preci-
sion not only is the velocity field determined
but also the distribution of shear stress through-
out the layer. This in turn implies a distribution
of effective viscosity which can be determined
from the profiles of mean velocity and shear
stress. Once the effective viscosity has been
determined the effective conductivity follows
from suitable assumptions for the laminar
and turbulent Prandtl numbers. The heat-
transfer equation can then be written in a
suitable finite-difference form and solved by a
digital computer to give temperature profiles
and the heat transfer at the wall.

If the method of calculating boundary-layer
development makes use of families of shear-
stress profiles, or assumptions concerning eddy
viscosity, then of course the general calculation
procedure will be considerably shortened.

2. GENERAL OUTLINE OF
CALCULATION PROCEDURE
The following lists the consecutive stages in
the calculation of heat transfer for arbitrary
distributions of wall temperature and external
stream velocity. Constant fluid properties and
two-dimensional flow are assumed.
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(i) The development of the turbulent boun-
dary layer is calculated by the use of the two-
dimensional momentum integral equation, some
relation (such as that due to Ludwieg and Till-
mann [5]) expressing ¢, as a function of R,
and H and a suitable auxiliary equation.

(ii) With the development of Ry and H known,
a suitable two-parameter family of boundary-
layer velocity profiles is used to specify the
distribution of velocity through the boundary
layer at suitably closely spaced intervals along
the surface.

(iii) From the velocity profiles and the known
distributions of skin friction and external velo-
city shear stress profiles are obtained by the use
of the boundary-layer equation

ou Ju dU

u5+vé;= a+

dU du
T, =T, — p[j(UE;— uE;

ou
- U6_y> dy]. (2)

(iv) From the profiles of shear stress and
mean velocity, profiles of effective viscosity
(ie. v + v) follow.

(v) With laminar and turbulent Prandtl num-
bers known or assumed, profiles of effective
conductivity (i.e. k + k,) are obtained.

(vi) With the velocity field and distribution
of effective conductivity defined, the heat-trans-
fer equation is solved numerically for given
boundary conditions [i.e. T,, = T,(x) or q,, =
qu(x)]

The accuracy of the final result will be limited
by the accuracy of the initial boundary-layer
calculation, by the accuracy with which the
chosen family of velocity profiles represents
the true distributions of velocity through the
boundary layer and finally by the accuracy of
the assumption for turbulent Prandtl number.
These points are discussed further in the next
section. It would seem that the above limitations

12
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5 3y (1)

must be inherent in any proposed calculation
method and that the present procedure should
give results which are in principle as accurate
as can be achieved at the present stage. The
numerical solution of the heat-transfer equation,
once the distributions of mean velocity and
effective conductivity have been specified, would
appear from the present calculations to rep-
resent in most cases a comparatively negligible
source of error.

3. DISCUSSION OF METHODS OF CALCULATING
TURBULENT BOUNDARY-LAYER DEVELOPMENT,
AND ASSUMPTIONS CONCERNING VELOCITY
PROFILE FAMILIES AND TURBULENT PRANDTL
NUMBER
3.1 Calculation of the turbulent boundary layer
It is generally accepted that the momentum
integral equation in the form

0 _ ¢
dx 2

60 dU
H+pg O
may be used with small error except close to
separation where the neglected normal stresses
due to turbulence become appreciable.
To use equation (3) it is necessary to have, in
addition, a relationship of the form

Cr = cf(R()a H), 4

and an auxiliary equation for the calculation of
the form parameter H.

The first and best known skin friction relation
of the form given by equation (4) is that due to
Ludwieg and Tillmann [5], but more recent
proposals have been made, and the relation-
ship given by Thompson [6] in chart form has
been used here because it is compatible with,
and is in fact derived from, the family of pro-
files which we have used and which is discussed
below.

A review of the various equations which have
been proposed for the calculation of H has
been given fairly recently by Thompson [7],
and from this it appears that the entrainment
equation due to Head [8] gives much better
agreement with a wide range of experimental
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data than do the earlier equations of Spence,
Maskell, Truckenbrodt, etc. Thompson has in
fact somewhat improved upon Head’s original
equation by (inter alia) incorporating a depen-
dence of the non-dimensional rate of entrain-
ment on # dH/dx. (In Head’s original method.
the non-dimensional rate of entrainment is
assumed to be specified by the value of the
form parameter (6 — 0*)/6 which is in turn
assumed to be uniquely related to the conven-
tional form parameter H). Because Head’s
method was considerably simpler to use and a
computer program for it already existed it has
been employed in the present calculations. The
general level of agreement with experiment is
indicated by the two examples shown in Fig. 1.
More recently proposed methods (see for ex-
ample Fscudier and Nicoll [9]. McDonald and
Stoddart [10]) appear to offer no decisive
advantages over that used here.

3.2 Profile families

In a wide variety of conditions the distribu-
tion of velocity in a region close to the wall
can be described by the so-called universal law
of the wall which takes the form

u fUy
5= (%)

If the skin friction and the value of v are known,
the velocity distribution in the wall region is
fixed (see Fig. 2); and if the stream velocity and
boundary-layer thickness are also specified,
the only problem in defining the velocity profile
is to choose a plausible fairing such as that
shown dotted in Fig. 2. Coles’ [11] so-called
wake law is perhaps the best known method of
producing such a fairing and a two-parameter
family of profiles can be built up by adding
appropriate amounts of a universal wake func-
tion to the basic inner law profile. Coles’ wake
function can be conveniently approximated by a
cosine function as noted by Spalding and better
agreement with measurement may be obtained
by incorporating the improvement suggested
by Cornish [12].
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A quite different approach has been suggested
by Sarnecki [13]. He proposed that the velocity
profile is the result of time sharing between
turbulent and non-turbulent flow. By assuming
that the velocity during time turbulent was
given by the universal inner law extended
through the layer and that the irrotational
velocity was that of the free stream, he was able
to obtain a universal distribution of intermit-
tency which gave an excellent fit with measured
profiles. This approach was used by Thompson
[6] to produce a two-parameter family of pro-
files given explicitly in the form of charts, and a
corresponding skin friction law. These have been
used in the present calculations. Typical com-
parisons with measured profiles are shown in
Figs. 3(a) and 3(b).
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FiG. 3(a). Comparison of Thompson’s family of mean
velocity profiles with experiment (Fig. 9, reference [6]).

Profile families based on the use of the uni-
versal inner law will break down in sufficiently
strong pressure gradients, either favourable or
adverse (see, for example, reference [14]). The

E

present calculations therefore cannot be expec-
ted to be accurate in the neighbourhood of
separation.

3.3 Turbulent Prandt! number

Reynolds suggested that, because heat and
momentum are transferred in turbulent flow by
basically the same mechanism, the effective
Prandtl number should be unity. This assump-
tion has been widely made, but a survey of
experimental data by Kestin and Richardson
[15] suggests that, at least for air or other gases
with a laminar Prandtl number near unity, a
value of 0-8 should be more appropriate (see
Fig. 4). It would in fact be expected that the
turbulent Prandtl number should be less than
unity in these circumstances since, due to pres-
sure forces, a lump of fluid moving transverse
to a gradient of velocity and temperature will
come more rapidly into velocity equilibrium
with its surroundings than into temperature
equilibrium. The effective mixing length for
momentum transfer will therefore be less than
that for heat transfer, as Hinze [16] suggests,
and heat will be more effectively transferred
than momentum. Similar considerations may be
applied to determine the probable effect of
laminar conductivity on turbulent Prandtl num-
ber. A high laminar conductivity would be
expected to reduce the transfer of heat by turbu-
lent mixing, since a lump of fluid will tend to
achieve temperature equilibrium with its sur-
roundings more rapidly, so reducing the effec-
tive mixing length for heat. Thus it is to be ex-
pected that a low laminar Prandtl number will
be associated with a high turbulent Prandtl
number and conversely. These effects have been
examined theoretically by Saffman [17], and
Mizushina and Sasano [18] have carried out
experiments in which it was found that, to
obtain agreement with measured heat transfer
in the case of liquid metals (low laminar Prandtl
number), it was necessary to assume a high
turbulent Prandtl number in the region of the
wall. Present calculations have been restricted
to turbulent Prandtl numbers of 1-0 and 0-8.
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Fi1G. 3(b). Comparison of Thompson’s family of mean velocity profiles with
experiment (Fig. 12, reference [6]).
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Fi1G. 4. Variation of turbulent Prandtl number Pr, with
distance from wall (Fig. 11, reference [15]).

4. CASES TREATED

The general case considered is that of a
turbulent boundary layer developing in zero
pressure gradient and with zero heat transfer

up to a point where there is a step increase in
wall temperature. Beyond this point either the
zero pressure gradient condition is maintained
or the velocity outside the boundary layer
decreases linearly as shown in Fig. 5.

At the discontinuity in wall temperature,
which forms the starting point of the present
calculations, it is assumed that

Re = 1-15 x 10°
H =14
Re, = 2690.
The values of Reyand H are approximately those
given by Coles for the flat plate Reynolds num-
ber chosen (see Table I 3 of Thwaites, [19]).
With these starting values the subsequent
development of velocity and temperature boun-
dary layers has been calculated:
(1) for zero pressure gradient and
(a) Pr=07Pr, = 10

(b)y Pr = 001 Pr, = 10
(c) Pr = 106 Pr, = 10
(2) for adverse pressure gradient and
(a8 Pr=07Pr, =10
(b) Pr = 0:7 Pr, = 0:8.
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FiG. 5. Cases treated in calculations.

The work is continuing and it is intended to
cover a further range of conditions.

5. DETAILS OF CALCULATIONS

A computer program already existed for
calculating boundary-layer development. This
was based on solving the momentum integral
equation with analytic approximations to the
curves of c{(Rq H) given by Thompson, and
to the curves of functions F and G used by Head
for the simultaneous calculation of H. This
program was used to calculate the develop-
ments of H, Ry and ¢, shown in Fig. 6 for zero
and adverse pressure gradients.

Velocity profiles through the boundary layer
were initially obtained using Thompson’s charts,
in which u/U is presented as u/U(y/0, H, R,).
As taken from the charts, however, the profiles
were scarcely accurate enough for the present
purpose. If the actual values of

o/0

u u ,

[ g)os

0
for the profiles were not accurately equal to
unity, or if the values of H and ¢, were not those
specified, then the shear-stress profiles obtained
from them by the use of the momentum equa-
tion would not tend to zero at the boundary-
layer edge. It was therefore found necessary to
revert to the method which Thompson had used
to build up his family of velocity profiles to

obtain individual profiles with precisely the
required characteristics (i.e. H and 6). A com-
puter program was written for this purpose.
Figs. 7 and 8 show representative profiles for
zero and adverse pressure gradients.

A program due to McQuaid [20] already
existed for determining shear stress profiles
once velocity profiles and skin friction distri-
bution were known, and this was used with
minor modifications to obtain the profiles
shown in Figs. 9 and 10.

Shear stress profiles and velocity profiles
then gave profiles of effective viscosity and
hence of eddy viscosity, v,, shown in Figs. 11
and 12. Some systematic irregularities in these
curves will be noted; these could readily have
been faired out but in fact the curves were used
as they are shown since the irregularities ap-
peared to have a negligible effect on the final
temperature profiles.

With assumed laminar and turbulent Prandtl
numbers the effective conductivity field was now
known and this, along with the known distribu-
tion of mean velocity, enabled the heat-transfer
equation to be solved by finite difference
methods.

Following most earlier work in the subject
Schmidt’s [21] step-by-step difference (i.e. ex-
plicit) method was initially used. This proved
satisfactory and enabled solutions to be ob-
tained but at the cost of considerable computing
time. To represent accurately conditions in the
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FIG. 7. Zero pressure gradient velocity profiles.

FiG. 8. Adverse pressure gradient velocity profiles.
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F1G. 9. Zero pressure gradient shear stress profiles.

immediate neighbourhood of the surface it was
necessary to take very-small steps in the y-
direction (i.e. normal to the surface) and to keep
the calculation stable it was then found neces-
sary to take very small steps in the x-direction
(ie. along the surface). Typically, with 90 points
taken through the boundary-layer thickness,
values of y/c close to:the surface were in the
region of 0-0001 and corresponding values of
X/c were approximately 0-0002.
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FiG. 10. Adverse pressure gradient shear stress profiles.

As a check on the accuracy of computation
the integral of the heat flux through the surface
to any particular point x was compared with
the convective heat flux in the boundary layer
at that point, i.e.

( oT
J —k (a—y)w dx
0

was compared with
or
!) pCu(T, — T)dy.

In general the agreement was within 20 per
cent.

Having shown that it was possible to obtain
satisfactorily accurate solutions for both zero
and adverse pressure gradients (at least up to
fairly close to separation in the latter case) it was
decided to try an alternative finite difference
procedure for solving the heat-transfer equation.
This was the Crank-Nicholson method [22]
which is outlined in the Appendix along with
the procedure initially used. The Crank-Nichol-
son method involves at each step in x the solu-
tion of n simultaneous equations where n is
the number of points through the boundary-
layer thickness. The time per step is therefore
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FI1G. 11. Zero pressure gradient eddy viscosity profiles.

generally considerably longer than with the
alternative explicit approach; the saving in
computer time comes, however, through the
ability to take very much longer steps (of the
order of fifty times greater than with the explicit
method) since there is no rigorous stability
criterion to be satisfied. Where it is necessary
for the sake of accuracy to take very short
steps, as at the beginning of the heat-transfer
region, no advantage is to be gained by the use
of the Crank—-Nicholson method and the pro-
cedure finally adopted as being most economical
of computing time was to use the explicit
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Fi1G. 12. Adverse pressure gradient eddy viscosity profiles.

method for the initial part of the calculation,
then to change over to the Crank-Nicholson
method. By this means the overall computing
time was cut to about one twentiecth of its
previous value. The total computing time taken
to complete a calculation, ie. boundary-layer
development, velocity, shear stress and eddy
viscosity profiles and finally temperature pro-
files and heat-transfer rates for Case 2(a)
(Section 4) was approximately 6 min on the
Cambridge University Titan (Atlas II)Computer.

Cases 1(c) and 2(b) were treated by the explicit
method, Case 1(b) by the Crank—Nicholson
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F1G. 13. Typical comparison of temperature profiles calcu-
lated by the explicit and implicit methods.
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method only, Case 2(a) by both explicit and
Crank-Nicholson methods and Cases 1(a),
2(a) and 1(c) by the combination of the two
methods finally evolved. Where different
methods were used the results obtained were
generally in excellent agreement, a typical com-
parison of temperature profiles being shown in
Fig. 13. In the case of 1(c) some discrepancy in
the heat balance was noted when the Crank-
Nicholson method was used, though values of
k(0T/dy), were virtually unaltered.

6. RESULTS AND DISCUSSION

6.1 Calculations of boundary-layer development

The development of the velocity boundary
layer in zero pressure gradient follows very
accurately that given by Coles, as the ringed
points on Fig. 6 show. No such direct check is
possible in the adverse pressure gradient case
but the shear stress profiles and profiles of eddy
viscosity shown in Figs. 9-12 are qualitatively
very similar to those presented by Bradshaw
and Ferriss [23] and other authors.

6.2 Temperature profiles
Calculated temperature profiles for air in
zero pressure gradient, with Pr, assumed equal
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FiG. 14. Universal flat plate temperature profile for a fluid
Prandtl number of 0-7.

to unity, are shown in Figs. 14, 15 and 16. In
Fig. 14, which is a dimensionless plot on a log—
log scale, three calculated profiles are compared
with the universal profile suggested by Deissler
[24]. It will be seen that the three sets of calcu-
lated points fall closely on a single curve which
is in fair agreement with Deissler’s. This single
curve is compared in Fig. 15 on a semi-log plot
with the measurements of Brundrett et al. [25]
and Reynolds et al. [26]. The agreement here is
very satisfactory and supports the suggestion
that, at least in zero pressure gradient, there is a
law of the wall for temperature analogous to
that for velocity.

Figure 16 shows a natural plot of the calcu-
lated temperature profiles for zero pressure
gradient which may be compared with the
temperature profiles calculated for the adverse
pressure gradient case shown in Fig. 17. It will be
seen that the adverse gradient has a quite marked
effect on the general form of the temperature
distribution through the layer.

Figure 18 shows the calculated temperature
profiles for adverse pressure gradient plotted
on a log-log scale and again compared with
Deissler’s curve. It will be seen that up to
x = 12 in, where H = 1-766, the agreement is
not noticeably worse than for zero pressure
gradient, but as separation is approached there
is a very much greater divergence.

The effect of the assumption for turbulent
Prandtl number (whether 0-8 or 1-0) on the form
of the calculated temperature profile is shown
in Fig, 19 along with the velocity profile at the
same position. There is evidently a small but
appreciable effect, the lower turbulent Prandtl
number corresponding, as would be expected,
to the greater thermal boundary-layer thickness.

Figure 20 shows the effect on the temperature
profile of varying the laminar (or molecular)
Prandtl number for a fixed turbulent Prandtl
number of unity. In Section 3.3 it was indicated
that there should be some effect of the laminar
on the turbulent Prandtl number but the fact
that this has been ignored should not affect the
marked qualitative differences in profile shape
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which are evident in Fig. 20. It will be seen that
for a Prandtl number of 0-01 the temperature
profile closely approaches the laminar form.

In Fig. 21 the developments of velocity and
thermal boundary layers are compared for
adverse and zero pressure gradients, the boun-
dary-layer thicknesses being arbitrarily defined
as the distances from the surface for whichu,/U =
0999 or (T — T AT, — T,) = 0001; the
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FiG. 16. Zero pressure gradient temperature profiles.

laminar Prandtl number here is 0-7 and the
turbulent Prandtl number is taken as unity.
Figure 22 shows the effect of laminar Prandtl
number on the growth of the thermal boundary
layer; in particular it shows how, for a suffi-
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FiG. 17. Adverse pressure gradient temperature profiles.
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ciently low Prandt! number, the thermal boun-
dary layer rapidly extends beyond the edge of
the velocity boundary layer. It will be noted that
if a different measure of thermal boundary-
layer thickness, notably

o]

had been used the effect of Prandtl number on
rate of growth would have been very much more
marked.

6.3 Heat transfer
The results of the present calculations for

[ (T = THAT, — T.)dy zero pressure gradient are shown in Fig. 23
e o w aC > . .
0 compared with those of other authors. It will
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Fi16. 19. Effect of assumed turbulent Prandtl number on
temperature profiles in adverse pressure gradient.

FiG. 20. Fffect of laminar Prandtl number on temperature
profiles in zero pressure gradient.
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be seen that for a Prandtl number of 0-7 they
are in remarkably good agreement at some
little distance downstream of the beginning of
heating, confirming both the validity of the
approximations made in the earlier analyses
and the accuracy of the present numerical
approach. The result also confirms that the
use of the dimensionless group St Pr/(c,/2)*
takes fair account of conditions near the start
of heating, as was suggested by Spalding [1].
In the case where Pr = 10 there is a consider-
able difference between Hatton’s results and
those of the present authors. This is almost
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F1G6. 23. Comparison of present heat-transfer results with
those of other authors.

certainly due to the different forms used for
the law of the wall in the sublayer region. In the
present calculation it has been assumed, follow-
ing Thompson, that
ut = y+’
ut =54

+ 2:38861n (y* - 5:03).

for y* <8,

and for y* > 8,

If the shear stress is substantially constant in
the immediate vicinity of the wall, as it is in
zero pressure gradient, this implies that v,
(and hence k,) should be substantially zero
for y* < 8. The expressions used by Hatton
and Gardener and Kestin, however, imply v,
(and hence k,) = 0 only at the wall itself, so that
in general they will predict higher values of
heat transfer and the difference will be most
marked where the laminar conductivity is
low (i.e. at high Prandtl numbers). In these
circumstances it is evidently important that the
velocity distribution in the sublayer and blend-
ing region should be specified with considerable
accuracy, and it seems likely that the approxi-
mation used here should lead to some error.
The disagreement between Hatton’s and the
present result for Pr = 0-01 is similar to that
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observed for Pr = 0-7 and may be due to the
present starting conditions, since the results
run together sufficiently far downstream.

Figure 24 shows the effect of adverse pressure
gradient on the heat transfer. It will be seen that
there is a marked reduction as compared with
zero pressure gradient, though the temperature
gradient at the wall does not fall off as rapidly
as does the skin friction. In fact, close to separa-
tion the calculations show a rise in heat transfer.
Intuitively, this does not seem altogether plau-
sible, though it may be accounted for by the
rapid rise in eddy viscosity (see Fig. 12), and
hence of eddy conductivity, as separation is
approached. The calculation in this region
must, however, be viewed with some reserve;
first because the law of the wall cannot be
expected to hold with acceptable accuracy in
the vicinity of separation, and second because
the overall heat balance, which up to x/c = 1:2
checks to within 2 per cent, becomes progres-
sively less accurate as separation is approached.
The reason for the inaccuracy of the calcula-
tion method in this region has not yet been
found.

Figure 25 is a plot of the heat-transfer results
in terms of Stanton number. This reduces con-
siderably the difference between zero and

75

adverse pressure gradient results, though the
latter are still appreciably lower except close to
separation. The effect of changing the turbulent
Prandtl number from 10 to 0-8 is also shown,
this giving as might be expected an increased
rate of heat transfer in both zero and adverse
pressure gradients.

The present heat-transfer results are in
disagreement with those given by Hatton [3],
insofar as they show that an adverse pressure
gradient reduces the rate of heat transfer
{except possibly close to separation) whereas
Hatton’s results show an increase. However,
Hatton’s results are almost certainly in error
here since his assumption of a universal velo-
city profile (in terms of u* vs. y*), whilst being
quite reasonably satisfactory in zero pressure
gradient, can give only a poor representation
of the velocity profiles encountered in adverse
pressure gradients. This is exemplified in Fig. 26
where Deissler’s profile is compared both on
the basis of equal skin friction and equal
boundary-layer thickness with a typical adverse
pressure gradient velocity profile. This was
obtained from Thompson’s charts, which the
earlier comparisons with experiment [see Fig.
3(b)] have indicated should give a very good
indication of overall profile shape. With Fig.
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F16G. 24. Effect of adverse pressure gradient on heat transfer.
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26 in view it is not surprising that Hatton’s
heat-transfer results should be somewhat in
error. What is perhaps surprising is that the
quite severe adverse pressure gradient assumed
in the present calculations should have the
relatively small effect on heat transfer indicated
in Fig. 25. It is evident that the effect of the
rapidly increasing eddy conductivity and boun-
dary-layer thickness as separation is approached
largely offsets, if it does not actually exceed. the
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FiG. 26. Comparison of typical adverse pressure gradient
profile with profile used by Hatton.

effect of applying the straightforward Reynolds
analogy at the wall.

7. CONCLUSIONS

From the present investigation it is con-
cluded that:

(i) by the use of suitable computer programs
plausible profiles of shear stress and eddy
viscosity can be determined from calculated
boundary-layer development and an assumed
two-parameter family of velocity profiles;

(i1) with the mean velocity field known and
distributions of effective conductivity obtained
from a knowledge of the eddy viscosity and
assumed laminar and turbulent Prandtl numbers
temperature profiles and the heat-transfer rate
can be accurately determined ;

(iii) considerable savings in computer time
may be achieved by the judicious combination
of explicit and implicit finite difference schemes
for the solution of the heat-transfer equation;

(iv) the balance between heat transferred at
the wall and that convected downstream pro-
vides a useful check on the numerical accuracy
of the solution of the heat-transfer equation;

{(v) the temperature distribution in the wall
region conforms closely to a universal form for
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zero pressure: gradient and in adverse pressure
gradients at least.up to an value of 1-8;

(vi) the value chosen for the turbulent Prandtl
mumber (whether 0-8: or 1-0) has a significant
effect. on the temperature profiles and heat
transfer. From physical considerations and the
experimental evidence collected by Kestin and
Richardson [15] the value of 08:would appear
to be the more suitable choice though 1-0 has
been used here to facilitate comparison with
other authors’ results;

(vii).in zero pressure gradient the results are

in broad agreement with those obtained else-
where ;

(viit) for sufficiently low laminar Prandtl
numbers the heat transfer is greatly increased,
the temperature boundary layer is considerably
thicker than the velocity boundary layer and
the temperature profile has a typically laminar
appearance ;

(ix) in an adverse pressure gradient the heat
transfer at the wall falls off, but less rapidly than
the skin friction, as separation is approached.
The present results indicate an increase in the
immediate vicinity of separation but the cal-
culation may be somewhat in error in this region ;

(x) the present results for adverse pressure
gradient should be considerably more accurate
than those obtained by assuming a universal
form of velocity profile.
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APPENDIX

1. Explicit method
The heat transfer equation is

2
pCp<ug—z+v%—§>=(k+k,)%y—€+%%§ ($)
with the boundary conditions
T =T, at x=10 andall y>0
T=T, at y=oo andall x>0
T =T, at y=20 andall x > 0.

In accordance with Schmidt’s method [21], the derivatives may be replaced by their finite difference
approximations based on the notation of Fig. 27.

T Tm+l,n - Tm,n )
dx B Ax
?_I _ Tm,n+1 - Tm,n—l
O lmn 27y
r (6
% =ktm,n+1 —ktm,n—l ( )
0 |m,n 2Ay
*T _ Tm,n+l + Tm,n—l - 2Tm,n
WV mn (Ay)?

J

At any station m + 1 the only unknown is the temperature T,,, ;. Therefore equations (6) may be
substituted into equation (5) to solve for T, , with respect to temperature, velocity and eddy
conductivityatm,n + 1,m,nandm,n — 1.Inthesame way T, ., ,,, may be determined, and so on.

The finite difference solution will be a good approximation to the exact solution for the tempera-
ture distribution at m + 1 if the stability criterion notably

k + k) Ax
pCu (Ay)?

1

= 2

is maintained.
The heat-transfer rate at the wall can be determined by calculating the first derivative of the
temperature profile at the wall using some suitable finite difference formula, for example

oT
ol o = 2Tz = OTunsy + 18T, = 1T, }/6 Ay. ™)
From this the local Stanton number

- pC,U(T, — T,)
is readily determined.
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2. Implicit method
Crank and Nicholson [22] suggested that any variable 6 may be written in terms of its values at
stations m and m + 1 (Fig. 27) such that

6 = 06m+ 1> 05m+1.n + (1 - 0)5m.n (9)

where 6 is a weighting factor, 0 < 6 < 1. The various terms in equation (5) can then be expressed
in finite difference form in the following manner.

u = 0Um+l,n + (1 - H)Um,n
aT Tm+l,n - Tm,n

ox Ax
oT Tm+1 n+l Tm+1 n—1 Tmn+1 — Tmn—l
- =10 : ’ 1—6) 4= '
oy { 28y +1-9 24y
T {Tﬂ w1+ Tuss _1—2T+”} {T o1+ Ton-r = 27,
i 0 m ,n m n m N + (1 — 9) m,n . mn m,n . 10
oy By (Byy? (10)
The finite difference expressions (10) when substituted into equation (5) give an equation in three
n+3
ar
n+2
ar
n—1\
avY
n
ar
n| L Bx ax ax aAxX
m mel m+2 m+3 med

FiG. 27. Grid for finite difference scheme.

unknowns, namely the temperature T,y n+1 Tn+1,, and T4 ,—;. The calculation procedure is
started at y = y(n) and is carried out to some boundary y = yp(N). This results in a set of N — n
equations in N — n + 2 unknowns of the form
An—l Tm+1,n—1 + An Tm+1,n + An+1 Tm+1,n+1 = G, (11)
with the boundary conditions
l.atthewalln = 1, T,y -y = T,
Therefore Ale+1,1 + Asz+l,2 = Gl - AOTW;

2. atouter boundaryn = N, T4y y+1 = T
Therefore AN—I Tm+1,N—1 + ANTm+1.N = GN - AN+1 Too'
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The set of equations when written in matrix form are:

— - — — — 7
A, A4, O 0...... 0 0 0 T G, — AyT,
A, A, Ay 0. 0 0 0 T, G,
0 A, Ay A,....0 0 0 T, G,

(12)
0. i 0Ay_, Ay.y Ayl [Ty, Gy-i
\_0 ................. 0 AN—I AN TN GN - AN+1T<IJ

This set of equations may be solved for T = A~ 'G giving the complete distribution of temperature
at station m + 1.

The heat-transfer rate and the local Stanton number may be calculated as before using equations
(7) and (8).

It should be noted that if # = 0, then equation (5) takes the previously discussed explicit form.
In particular if 0 < 0 < 5 then the method is subject to the general stability condition

p Ax < 1
(Ay)? = 2(1 — 20y

For § > 4 the method should be unconditionally stable and thus any x-step-length may be used.
The solution may not converge towards the exact solution, however, if initially too large an x-step
is taken, but once the integration is in progress the x-step may be appreciably enlarged.

Crank and Nicholson suggest that § = } is the appropriate value, but at a recent informal con-
ference on numerical analysis (N.P.L. Teddington, September 1965) it was noted by several investi-
gators that § = § may produce a cyclic instability in the solution, and that the use of some value
of @ > 1is advisable.

Résumé—Une nouvelle méthode a été exposée pour calculer le transport de chaleur dans fa couche limite
turbulente & propriétés constantes avec des distributions arbitraires de température pariétale et de vitesse
a l'extérieur de la couche limite. Le processus est décrit ci-dessous.

Le développement de la couche limite est calculé par I'une ou I'autre des méthodes disponibles habituelle-
ment et. & partir des valeurs calculées de H et de 0, les profils de vitessc
famille convenable a deux parameétres. Lorsque la distribution de vitesse dans la couche limite est entiére-
ment déterminée, les profils de contrainte tangentielle sont obtenus en appliquant 1’équation du mouve-
ment, et a partir des profils de contrainte tangentielle et de vitesse moyenne, les profils corespondants de
viscosité effective s’ensuivent facilement.

L’équation du transport de chaleur peut alors, grace 4 une hypothése vraisemblable pour le nombre de
Prandtl turbulent, &tre résolue directement par un calculateur numérique pour obtenir les profils de
température et le transport de chaleur a la paroi.

La méthode a été appliquée pour des gradients de pression nuls ou contraires avec un échelon de
température pariétale aprés une longueur d’entrée non chauffée. Les profils de température ont une forme
convenable et présentent une région de similitude approchée au voisinage de la paroi comme ce qui a été
observé expérimentalement par ailleurs. On remarquera qu’avec un gradient de pression contraire le
transport de chaleur diminue beaucoup moins rapidement que le frottement pariétal lorsqu’on s’approche

du décollement.



THE CONSTANT PROPERTY TURBULENT BOUNDARY LAYER

Zussammenfassung—Zur Berechnung des Wirmeiibergangs bei turbulenter Grenzschicht mit konstanten
Stoffwerten und beliebiger Verteilung von Wandtemperatur und Stromungsgeschwindigkeit wurde eine
neue Methode entwickelt.

Das Verfahren ist folgendes: Die Ausbildung der Grenzschicht wird nach der einen oder anderen
gegenwirtig verfiigbaren Methode berechnet und mit den berechneten Werten von H und 6 werden mit
Hilfe einer geeigneten Zweiparameter-Gruppe Geschwindigkeitsprofile bestimmt. Mit der fiir die Grenz-
schicht vollstindig bestimmten Geschwindigkeitsverteilung werden aus der Bewegungsgleichung die
Schubspannungsprofile erhalten und aus diesen, zusammen mit der mittleren Geschwindigkeit ergeben
sich die entsprechenden Profile der wirksamen Zihigkeit.

Mit einer einleuchtenden Annahme fiir die turbulente Prantl-Zahl kann die Wirmeiibergangsgleichung
auf einer Digitalrechenmaschine direkt gelost werden um Temperaturprofile und den Wirmeiibergang
an der Wand zu bestimmen.

Die Methode wurde angewandt auf Druckgradienten von Null und solche im Gegensinn fiir einen
Temperatursprung in der Wand, der einer unbeheizten Einlaufstrecke folgt. Die Temperaturprofile
zeigen einen Bereich angeniherter Ahnlichkeit in Wandnihe, was schon anderswo experimentell festgestellt
wurde. Fs ist bemerkenswert, dass fiir gegensinnigen Druckgradienten bei Anniherung an den Abldsungs-

punkt der Wirmeiibergang wesentlich langsamer abfillt als die Wandreibung.

Annporanmua—PaspaboTaH HOBHIt MeTOn pacuera Temaoo0MeHa B TYpOyJIeHTHOM TNOrpaHud-
HOM CJI0¢ C TIOCTOAHHEIMM CBONCTBAMM TNPH NPOM3BOJILHOM pacHpefeleHHN TeMIIepaTypH
CTEHKH M CKOPOCTH TeYeHHdA. MeTon COCTOMT B CleayoleM.

CHavalla ¢ MOMOINBI0 KAaKOro-HMGYAb M3BECTHOTO MeTo[a PAacCYMTHBAEM DasBuTHE II0-
rPaHMYHOrO CJOMA, A 3aTeM NOJydYeHHHe BeaMuuHn H n 0 ucnoabsyeM AJIA onpefeleHHs
npoduis CKOPOCTH M3 ceMelicTBa KPMBHX JJA IBYX napaMerpoB. lmes pacmpepeienne
CHOPOCTH B MOTPAHMYHOM CJO€, U3 YPABHEHMA JABIKEHHMHA NMOJydYaeM npoQuiM HanpAKeHHA
TpeHMs, 3 3aTeM MO NMOJYYeHHHM pacnpe/ieJeHNAM HANPAKEeHUA TPeHUA N cpefHeil CKopoCcTH
JIerKO HAXOMUM 3(PEeKTHBHYIO BABKOCTD.

CrenaB COOTBETCTBYIOIME NOMYLUIEHMA OTHOCUTENIbHO TypOyieHTHOro uuciaa Ilpanpras,
MOKHO pellNTb ypaBHeHHMe TemiIoo0MeHa HemoCpelCTBeHHO Ha LUPPOBOM BLYMCIMTEILHOM
MAalllNHe M MOJYYHTh paciipefielleHUe TeMIepaTyphl N NaHHHE O TeNI000MeHe CTeHKH.

JTOT METOR NPUMEHAETCA NPHM HYJeBHX M OTPHIATEJLHHX TIpAfNeHTaX JaBJIEeHUA M
CTYMeHYATOM HMBMEHEHMM TeMIepaTypPH CTEHKM 33 HAYaJIbHHM Heo0OrpeBaeMHM YYacTKOM.
MokHO 3aMeTHTB, YTO IPH OTPMIATEJIBHOM TPAfNEHTe NABJIEHHA N0 Mepe NMPUGIMKEeHMA K
o6aacTi OTPHBA TedeHUA MHTEHCHMBHOCTH TEILIOOOMEHA CHMKAETCA MHOT0 MeIJeHHee, YeM

HOBEPXHOCTHOE TPEeHue.
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